of -referred to as the topological charge-define the handedness and order of the light twist (helicity), respectively [7] . OAM can be classified as intrinsic or extrinsic [8] . Upon light interaction with small particles, extrinsic OAM induces particle rotation about the beam axis, whereas intrinsic OAM causes particle rotation about its center. Examples of OAM beams are the Laguerre-Gaussian and Bessel-Gauss beams [2, 3] .
Interestingly, when vortex beams (OAM states) of opposite topological charges are superimposed, light structures that rotate along the beam axis can be generated [9, 10, 11, 12, 13, 14] .
The rotating structures can carry non-zero OAM [15] or zero global OAM [16, 17, 18] ; whereas in some other cases the rotating structure can exhibit accelerated rotation [19] . In all previous cases, the OAM beams carried a fixed topological charge ( ) and hence the phase-fronts exhibited the same handedness and order of twist along the beam axis. The ability to control the topological charge (i.e. order of twist) of OAM states along the beam axis has not been realized.
Here, we demonstrate advanced control of OAM by using a class of beams known as FWs.
These waveforms possess localized intensity profiles that can be predesigned along the beam axis [20, 21, 22] , qualifying them for applications in optical trapping and micro-manipulation [23, 24] . Furthermore, we demonstrate a novel feature of FWs, namely controlling the sign and value of the topological charge ( ) along the beam's propagation direction. With this level of control, the helical phase-fronts of the beam can be manipulated along the beam axis, thus reversing its handedness with propagation. Moreover, by superposing several FWs (OAM states) with different topological charges, we generate rotating intensity patterns that change their sense of rotation and topological order with propagation, on-demand. These additional degrees-of-freedom can be utilized in data communications, spectroscopy, optical trapping and micro-manipulation, to name a few.
Frozen Waves [ψ(ρ, φ, z, t)] can be engineered in arbitrary linear, isotropic, and homogeneous medium by performing superposition of equal frequency co-propagating Bessel beams with the same order ( ). The theoretical foundation of FWs has been presented in Ref. [20, 21, 22] and further developed in [25] . In addition, FWs with several longitudinal intensity profiles have been experimentally generated in [26, 27, 28] . Here, we show advanced OAM control in waveforms generated by adding multiple FW states (ψ ) such that 
where the morphological function F (z) defines the desired longitudinal intensity profile of each FW state (ψ ) over a finite distance L. Performing a superposition of multiple FW states that carry different topological charges ( ), via Eq. 1, is a novel feature introduced here for the first time. By properly adjusting F (z), the contributions of each FW state ψ (OAM mode), along the beam axis, can be determined at will. As such, specific FW state(s) with desired topological charge ( ) can be selected to effectively contribute to the beam over finite space interval while other states are readily switched off. The effective topological charge ( ) can thus be controlled along the beam axis.
Longitudinal control of ( ) can yield waveforms whose phase-fronts change their helicity with propagation. Figure 1 (a) schematically illustrates a phase-front that reverses its helicity (transitioning from = 1 to = −1) and doubles its number of helices (from = −1 to = −2)
with propagation. This can be realized via superposition of FW states (
over length L = 1 m, by incorporating the morphological function F (z)
A numeric evaluation of the phase and intensity profiles of Ψ, at three different propagation distances, is depicted in Fig. 1(b) . In order to demonstrate control of ( ) along the beam axis by directly imaging the beam intensity profile rather than its phase, we add two waveforms each carrying multiple FW states such that
The two waveforms, Ψ 1 and Ψ 2 , have slightly shifted longitudinal wavenumbers (∆ζ = ζ 1, 1 m − ζ 2, 2 m ) and arbitrary topological charges ( 1 and 2 ) carrying opposite signs over finite space intervals. Accordingly, in the space interval corresponding to the superposition of FW states ψ 1, 1 and ψ 2, 2 , a rotating beam structure is generated with angular orientation Φ 1 , 2 that varies with z according to [19] 
The radial extent of the generated transverse profiles depends on ( u ) in ψ u, u | u=1,2 and the transverse beam shape is defined by u and Transverse profiles generated by adding two waveforms with different topological charges ( u ) and by changing F u, u (z), where u is the index of either of the two added waveforms in a given space interval (u = 1, 2). The top row depicts symmetric weights for the FW states; F 1, 1 = F 2, 2 = 1, whereas the bottom row depicts asymmetric weights. The radial extent of the beam increases by increasing the value of u , implying an increase in the Bessel beams order. Experimental setup used to generate the twisted waveforms. A computer generated hologram is addressed onto a transmissive SLM that encodes the desired pattern on a 532 nm collimated laser beam. The SLM is sandwiched in a polarizer-analyzer configuration as it operates with maximum efficiency on vertically polarized incident light. The generated pattern is filtered and imaged using a 4-f imaging system. The beam evolution is recorded using a CCD camera on a translation stage, where the z = 0 plane lies in the focus of Lens2.
We experimentally demonstrate two different beam patterns by adding two waveforms each carrying multiple FW states according to Eq. 4. The experimental setup is depicted in Fig. 3 .
The waveforms in Eq. 4 are calculated and transformed into a 2D computer generated hologram (CGH) that is mapped onto an amplitude Spatial Light Modulator (SLM) (please check the Methods section for more details on the CGH generation). The SLM encodes the hologram transmission function on 532 nm collimated laser beam. The resulting pattern is imaged and filtered using a 4-f optical system and an iris that filters out the desired diffracted pattern from the on-axis noise [26, 27] . The evolution of the generated waveform is then recorded using a sliding CCD camera with 1 cm step resolution along the longitudinal direction.
We have experimentally generated two different patterns in which we set N = 7. Accord- In the first generated pattern, Ψ 1 and Ψ 2 consist of three FW states; 1 = (−2, 2, −2) and 2 = (2, −2, 2). The morphological function is given by
According to the above F u, u (z), the generated beam should posses four revolving petals that invert their sense of rotation twice: at z = 35 cm and again at z = 75 cm. The evolution of the transverse profile of the resulting rotating beam is recorded via a CCD camera over a range of 1 m and is shown in Fig. 4(a) . The small arrows are superimposed on the recorded images to track the sense of rotation of the beam. As suggested by Eq. 6, the beam exhibits a counter clockwise rotation before it inverts its sense of rotation as depicted in the middle row of Fig. 4(a) . Afterwards, at the distance of 75 cm, the beam recovers its initial rotation direction.
The angular orientation of the rotating petals is plotted in Fig. 4(b) . Clearly, the curve inverts The slope signifies the rate of rotation (angular velocity) and its sign indicates the sense of rotation. c) Measured (blue circles) and simulated (black dashed line) angular velocity of the beam, also calculated from Eq. 5, with propagation distance. It is observed that the angular velocity is reduced when the number of the rotating petals increased.
The morphological function is chosen as
elsewhere.
According to Eq. 7, the generated beam carries three petals that rotate with a linear speed in the counterclockwise direction over the range of 5 cm ≤ z ≤ 35 cm. The beam then evolves into five petals rotating in the same direction for 35 cm ≤ z ≤ 55 before petals carry zero intensity in the range of 55 cm ≤ z ≤ 70 cm. The beam then evolves into a rotating structure comprised of seven petals with an opposite sense of rotation (clockwise direction), signifying both an increase and inversion in its azimuthal phase twist.
The evolution of intensity distribution |Ψ T otal | 2 is depicted in Fig. 5(a) . Finally, few remarks are in order: first, although we have demonstrated dynamic control over OAM modes with constant angular velocity, beams with accelerated rotation can be realized by incorporating nonlinear azimuthal phase in the FW states (ψ ) [19] . Second, while the experimental beams presented herein are generated in lossless medium (air); nevertheless, attenuation-resistant beams with OAM can also be generated in absorbing media by engineering F (z) such that it carries an inverse of the medium loss profile, as discussed in [22, 28] . Finally, it is worth noting that FWs possess additional compelling features such as self-reconstruction and diffraction resistance which are inherent characteristics of Bessel beams [31] .
In conclusion, we have demonstrated advanced control over OAM modes by changing the sign and value of the topological charge ( ) as the beam propagates. These degrees of flexibility in manipulating the beam can be utilized in applications such as optical trapping, dense data communications, and imaging, to name a few. We expect that these utilizations and advances will open new directions in the field of optical science and its applications.
Methods Theoretical Model
In the theoretical formulation of FWs in general absorbing media with complex index of refraction (n = n r + in i ), k is a complex wavenumber described by k = k r + ik i . Here, considering a single FW state ψ , the real part of the longitudinal wavenumber of the m th Bessel beam is
The parameter Q is a constant that defines the transverse localization of the field. In addition, we have required the transverse wavenumbers to acquire real values in order to exemplify the case of generating a beam in lossless material before it enters a medium with arbitrary index of refraction n. Accordingly, the imaginary part of the longitudinal wavenumber is expressed as Im{ζ m } = 
To enforce positive values for the real part of the longitudinal wavenumber and real values for the transverse wavenumebrs (η m ), the following condition must be satisfied
For our numerical simulations and computer generated holograms (CGHs) we have adopted the 
Computer Generated Hologram
In our experiment, we have used an amplitude mask to express the complex transmission function of the waveform at the z = 0 plane; i.e. to define Ψ T otal (ρ, φ, z = 0, t). 
where, α(x, y) and φ(x, y) are the amplitude and phase of Ψ T otal (ρ, φ, z = 0, t), respectively.
A bias function β(x, y) is chosen as a soft envelope for the amplitude α(x, y) and is given by β(x, y) = [1 + α(x, y) 2 ]/2 [30] . In addition, the pattern is interfered with a plane wave exp[2πi(u 0 x + v 0 y)]. This shifts the encoded pattern off-axis to the spatial frequencies (u 0 , v 0 ) in the Fourier plane; thus making it easier to filter out the shifted pattern from the undesired on-axis noise by using an iris. The parameters u 0 and v 0 were set to 1/(4∆x); where ∆x is the SLM pixel pitch (36 µm). The shifted beam is then imaged using a 4-f optical system, with focal lengths of 20 cm.
In principle, our theoretical model yields periodic waveforms (with infinite power flux) [25] .
As such, a finite truncated circular aperture is superimposed over the generated hologram. For the efficient generation of the desired waveform over a spatial range L, a sufficient condition for the aperture diameter (D) is
